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ooo

0000000000000000 A AO0000D0AUA'=Q,00000°00 A000 A'00
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0000 (s,$),0000000000000000000000000000000000000000000
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00 B.4.1 (000000) 0000 a=(A4,4),068=(B,B), 0000000000000

o:=(5,5), ooo S:=AB, S :=Q4\S (B.4.2)
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00:i=1,20000 BO0000AB00000NO000NDNNO00O0DNN00ONNONO (B,B),00000BOOO
00 0000000000000
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A D>A,00000000000D000000000000000000000000000000000000
00000000000
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00000000 0O00000 A0 A 000 000000000000 r=at0teBOOOOOOOOO
00000000000 r=6t00<s <o, eBO0O00O0O0O0O0OOOOre A BOOOOODOODODOOOO
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gboooboboooboobooooboobooooboobooooobobooon
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(case-3) 00 0D0UDO0OUO0ODOOOOODOUOOOODDOUOUODDOUOODOOUODOOOODDOOO

uboobOobooboobobooobD mique 0000000000 OOO0OOOO

B.4.2 000000000O00O0OO0OOO

bobobobobobobobooboooooobooboooboboobooboooobooboboooboooon
goooooo
ooooboooo

00 B4.2 (10000000000) U000 1000000000000 O0O0OO0OOOOOOOOOOO
acR, 0000
al=1la=« (B.4.4)

doobodooooboooooobodooooboooooobo 10000
B={reQ.|r<1} 0000 1=(BB), (B.4.5)

0000000000000 00000 ae=(A,A), 0000000000000 O0OO0OOOOOOOOOO0O
0000000 ABOOOOOOOODOOO

AB={rl|re A} ={r|rcA}=A (B.4.6)

00000000S=AB=A000000 (5,8, =(AA), 00000000000O000O0O0O0 «00OO
oo O

B4.3 0000OO0O00DOOOOODOOOODOOOOODO

gboobooboobooboobobobobboooboobobob

00 B.4.3 (00000) 0000 a,B,7y€eR, 0000
(i) af = Ba

(i) a(Bv) = (aB)y

(ili) (B + ) = aB + ay

00000000000000000000000 a=(4,4),08=(B,B),0y=(C,C),0000
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()ooo
0 B0 Ba000000000000000O0ONOND @830 S=AB0O00O0O00O0 (S,8),0000000
BaOT=BAOOOOOOO (7,7, 0000000000000000

S:={st|se€ A te B}, T:={st|se€ B,t € A} (B.4.7)

O000000000000000000000000000000000S=7000 aB8={(S,8); = (T,T), =
Ba. O

(i) 000
ByO0 S=BCOOO0O0OOOOOO(S,S),00000000a(By)0T=AS0000000 (7,7),0
0000000000 7T000000000000000

T=AS=A(BC)={abclac A,be B,ce C} (B.4.8)
goboobooooo

oooooooooooObO0O0o0O000000obooObODbD incusion DOOOODOOOOOOOOOOCOODOODO
gooooooao

000T D {abcla € Ajbe B,ce C}O0000000eaec Abe B,ceCUOODOOOOOBCOOOOODO
bce BC=SO00000000000 ASOOO0OOO albe)e AS=T0000O

OO0O0T C{abclac A,be B,ce CyOOOUTUOUOOteTOOOOOOOOTr=AS00000000¢
Ot=as0aecA,secSO00000000O0O00O00O0O000 sO0 S=BCOOO0O0OOs=bc0Obe B,ceCO
OooO0O0O0O000000O00O00D00O0 t=aes=abc00000000000OC0OCOOOOTOOODODODOO
oobooo

0000(eB)y00000 UO
U= (AB)C = {abc|a € A,be B,ce C} (B.4.9)

goooooboooo0Tr=vob000b00bo0o0oboooooooboooooooDboOobo0ooooooDoOobOogo
od O

(i) 000
0000000000000000000000000B8+4~0000

S:=B+C={b+clbeB,ceC} (B.4.10)

gogoobobbooooon
T:=AS={as|la€ A,s€ S} (B.4.11)

ooooooo(,7)y 000000 e(B+~)0000000DO0O0ODO
T={ab+aclac Abe B,ce C} (B.4.12)

googooood

0o0o0o00oo0oo0ooo0ooO0T=ABC)00000O00O0OO0DO0OOUODOOOOOOODOOOOO
O0ooU0oOooooodgdas=a(b+c)=ab+ac0000 @,b,c00000000000ODOOOODO

000000000aB +ayO00O
U:=AB+ AC ={ab+acla€ A,be B,ce C} (B.4.13)

00000000000 ooo(U,U),0000000Tr=U0000000000000 O
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B.5.2 J000O0O0OO0ODOOODOOO

0O0ooooo
000000000000000000000000000000
000000000000000000 a= (4,4, 000000008 =1/A,B=Q,\B' 0000 3=

(B,B'), 00000a=(A4,4),000000 8=(B,B),00000000000000000000000

0000000000000010000000000000000000A4B={reQ,|0<r<1}0000

AB={reQ4;|0<r<1}00000000000000000

AB = {st|s€ A, t € B} (B.5.1)
o0o0oo0op 00000000000O0o00o
B :={1/s|s e A} (B.5.2)

000+¢+eBO0OOD0OOO0OUOODOOOD BOO0OUODOODOOOODOOOOODOOOOOOteBOOOO
00¢0 B 00000000000 0O00UCOO0ULODO0O0UOO0OUOY eB 0000t<¢OOOOODO
00000000 B 00000 ¢Y=1//0000000s € A0000D00O000 ¢ eADO0O0t<t =1/¢
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00000000 seAteBOOO0OOst<st' =5/ 0000 ¢ e A0000DOODOOODOOOMOOO
0000000 ¢ =s000000000000 st<1000000000000000O0Ost>0000000
s,qt00o0o0oooogoogoo
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Ve>0, dsc A, 3s'ec A, ss—s<e O000 s <s+e0 (B.5.3)

0000000000000 000000O00pB' 0000000t=1/seB 000000O0OY =1/¢¢B'00O0O
O¢=1//eBO00ODOOOOO0O0OO ¢eB000000¢Y00000000s eADO0DOOOODOOO
0000 s, 000000000M0000st' e ABOOODOOOOOO

S S
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D000D00000{e,)}00000000000000000000
Ve>0 3IN">0 (WLE>N" — mmfaﬂ<(wm%) (C.3.15)
000DD000000000000000 e0000 m,¢> max{N’,N"} 00

(o — o] < lam = el (C.3.16)

(6/2)
000000e>0000000000000000 {¢}00000000000000000
(i) {a,} 0 {a,} 0000 () 0000000000006 >000000 N'OODOOOm >N 00 |an| > 6
00 |e),|>600000000000000
00O0{a,} ~{e,} 00000000000

Ve>0 3IN(e) >0 (n>N(e) = |an —a},| <e) (C.3.17)
00000000000 n >max{N(e), N'} OO

€

|am — a,|

 — /| = C.3.18
e =l = o Tl = G (0.3.18)
D00000e>0000000000000 lim |e,—¢/|=000000{ca}~{c’}0D000

(ifi) (iv) DO (i) (i) 000 0000, 0000000000000000000000000 O

00 C3.10000000000B4£000000000004{y,}0000000000000O00DOOOODO
0000000 C340000000 {¢,}00000000O0OO0OOOOOUODOOUD {¢,}0000OOOO
0000 {a,},{b,} 0000000000000 0OO0OOOOOOOO0OOC31000000000DO0O0D0OOO

C3.3 00OO0O0OOOoo

gbooobooboobooobooboon

00 €35 (00000000000) 00000000000 @,B000000000O0UODOODOODOO
ooobobooobooboooooobooog

oooooOoOoO0OO0OOOO0OO0O000O0O0O0OOOO0O0O0OOCOOOODODOODOOOCOOO0,pOOO0000000
coooooooooooooooo0d e,poib0000 ek+pO00 C310000D000O0DODOOODOO
goooooooooooo0o000 ae+p00000DOOO00O0OO0ODOOOOODODOOOODODOOOOODODO
0000000000000 00000000e=p/q,f=s/t00000000000000OC0O0OOOO0OO
gobooboooooobooobomooooobooobooobooooboobooboooooooboobooon
ooboobobooobooooboobooooboooooon

0000000000000000000000000000e,B000000000000000000O00
an=a,b,=f0000000 ,f000000000000000B000C.3.100000 ¢, :=an+by, =a+8
0000000 «+40000000 [{¢,}]00000000000000000000000000000 C.3.1
000000000000000 {¢}000000000 «+400000000000 +000000000
00000 O

ugboabouodgboooboobooboobooaoad

BoooD000D00000000000000000D0«,A000000000000000D0Q,B00000000000000000O
oooo



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 29

00 €.3.6 (0000000000)00000000000000000000000000000 «,8,v
0000
at+(B+y)=(a+p)+v, a+B=B+a (C.3.19)

000000000
at+(B-—7)=(a+p8) -~ (C.3.20)

gooood

00000000000000000000000000000000000000000e,B,000000
000 {an},{bn},{c,} 000008 +~0d,:=b,+¢,000000000000000 {d,}0000000
0000000a+ (B4+~)0 foi=a,+d, 00000000000000{f,}00000000000000
0000000000f =an+dy=an+by+c, 000000000a+(84+4)0000000000000
00oooo

00000 abc000000000000000000000000000O0O0O0O0O0OOOOO000000O0
(a+B8)+~00000 {f,})000000000000000000000000a+@4+79)=(a+8)+~
0000

000000000000000000000000000 O

obooooOoboooooboboooboobooooobooooboobooooooboon

00 C3.7(00000000)0 DUOOQODODODODODODUDODUODODUDODUDDUOODD « ODODOOO
O+a=a+0=«

gooboooooooooobooooobooooboboobobooboooboboooobbooobOobobDO od
0000000000000 moooooooooooooo {0,0,0,..} 000000 = [{e,}]O00O00O0
0O+a=a4+00000000n00a,+0=¢,0000000000000000C0O {a,}0000000O
000{ae,}000000000000000@+0 = a0 O

gbooobdool —a«OO

00 C38(—all0) 000 a00000—al0—-—ab0O0O0000O

Ubb—-al —-10 cOU00O0O00O00O0OO0O00DOO0O0O0—-—a0000b0b00oobbbooooooboo
c3.13000o00d

ooao

00 C.3.9 (00000) 0 @@A0000000
() 000000 —«00000000000000a+(—a)=(—a)+a=00000
(ii)a—B=a+(—B)0000

O00O0() oooooooo
at(—a)=a+0—a)=(a+0)—a=a—«a (C.3.21)

000000000000 «0000 {e,})000000000 ¢y =a,—0a,=000000000000000
gboooobooooobogooboo
(i) 0000 (C32000 00000000O0OOOOOOO

at(-B)=at+(0-0)=(a+0)-B=a—-0 (C.3.22)



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 30

ubooboogoobobboboaoboaoa

00 €.3.10 (00000) 0000 a,8,y€ROODOO
(i) aB = Ba

(i) a(Bv) = (aB)y

(iil) (B +v) = aB + ay

0000000000000000000000a,B,v00000 {a,},{ba},{c.,} 0000, ii,ii) 00000
000000000000000000000 ()000eB0 Ba00000000 d,:=a,b, 0000000
00 {d,}) 00000aB=Ba000000

0000 0000000000 e, :=anbye, 100000000 {e,} 00000 (i) 000000000
0 foi=an(bn+¢,) 000000000 {f,}000000000000000000000000000000
00000000000000000000000000000000M O

gboooboobon

00 C€.3.11 (10000000000) D00 1000000000000D00O00D0DO00O0D0DOO0O0OO
acROOOO

al=1la=«a (C.3.23)

o0o0oU0ooOo0o0ooooOolooooOoooooo 1000 {L,1,1,...})0000000ek0 000 {a,} 00O
000U0o00o0o0o0ooooouooooUU {e,}000000000000OOOO0OO0OOOUO0O0 «
oood O

00 C€.3.12 (00000000) 00000 «OD0O0O00DO0O0OOOOOO
a0=0a=0 (C.3.24)

ooood

obooobooooooobooooooon O

00000 «a000D0D0—-«0O000O00O0DO0 C38000000—-1000000000000O0DOCO

00 C.3.13 (—1000000) 000000 00000
() 00 B3400000 —al —10 0000000
(ii) —(—a)=aO0000

0000(G) «a00000 {a,}000000—a00000b,:=0—a,=—a, 000000 {b,} 00000
00(—1)x 00000 ¢, :=(-1)xa,=-a,000000 {¢,} 00000b,=¢, 00000000000
afufufufalalaln

(i) 00000 {a,} 00000 —(—a) 00000 be:=0-(0—ayp)=a,0000 {b,} 00000b, = ay,
0000000 «a000000000 O

booobobooboooboooooboo

1
00 C.3.14 (00) 000000 e=[{e,}]000 —00000 1/0000000000O0O
«

ubogboooooboabod



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 31

1
00 C.3.15(00) 00000000 —0000OD0OO0O0DOOOOOOOO
o

a=1 (C.3.25)

1
oa— = —
o «

ooo

00000000000 a(l/a)=10000000000000000000O000O0OO0OCOOOOOOCOOO
obooobOooooobOoboooooboboooooboooo

a00000 {a,}000000 @, 00000,:=1/a, 000000 —0000a,=00000000,=1
ooo —{b,}000000000 1/«0000000000000O0O0OOOO

O00000DO0o00000oDO0O00000DOO0000DDOD000 cpi=apb,=100000000000
0000 100000000000(C.3.2) 0000000 O

ubodgbuobobboobooboobobobobooboobooboboobooboboboaoboono
gboobooboobobbobidiebb0bb0b0 «DOODOOODOO0ODOODOODOOODOODOO
obooooboooobooboooog

C4 0OUODOODOODODOOOO

000000000000000000000000000000000000000000000 C.2300
000000000000000 a=[{e}]08=[{,}]000000000000000000000000
000000

Hand] =[{bn}] <= an~by = lim |, —ba| =0 (C.A4.1)

0000000000000000a=400000000000
00000000000000000000000000000000000000000000000000
0000000000000000000000@MO0000000000 {a,}=a0 [{b,}]=4000000
000000000000000000000000000000000000
000000000000000000000

00 C4.1 (D00D0O0O0O0OO0OO0D) ,pU000000D0000DOOOODOOOUDOOOOOOOOODOOO
00000000000 {ae,} 0 «a000004{b,}0 BO0O00O0O0O0OMMD

A. 0000000 {an},{b,} 00000]a, —bp|0n—o0c000000000000
000{a,} 0 {b,}00000000a, <b,On=1,23,..0000000000000

B. {a,} 0 {b,) 0000000000000 ¢0 NOOODDOOOOOOR>NODOOO ay+e€<b,00
000000000

C. 000 {a,},{b,} 00000000000 00000000000 {a,},{b,} 0000
00000 N({an},{b,}) 0000000 > N({an},{bo}) 000 ap+e<b, 000000

ugboobooboooboooboboaoboan

A. 0000000 {an},{b»} 00000 ay—b,/0 n—00c000000000000
000{a,} 0 {b,}00000000a, >b,0n=1,2,3,..0000000000000

B {a,}0 {b,} 0000000000000 ¢0 NOOOOOODODODOO n>NOOOO ay > by, + €00
000000000

C¢’. 000 {a,},{p,} 00000000000 00000000000 {an},{b,} 0000
00000 N({an},{b,}) 0000000 > N({an},{bp}) 000 a, >b, +e00000




000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 32

O00BOODOODOODOUOOOOOO{a,},{b,} 0000 e>00000000000000O00O00O0O0OO CODO
00000000000 e>000000000000000D0O000ODO0O0 e 00000000000
ex|la—pB/00000m

oooooOo0o0o0oDoo0ooboo0ooDo0d0 expObOOb0OO0OoOoOOOOOO

00 C4.2(00000) 0000U0ODO0O0ODO0O0O0OUO0O0O0a0 pO0O000OO0OO0O0OOOOOO

e 0000,A000000000 {an},{bn} 0000 {an} ~{by} 000 lim |a,—b,|=000000
00000000a=@400000

e 10 C410 A, B,COOO0DODOOU0DODOOO0ODOOO0ODOOO0a< BOOOOO

e J0C410 A, B,C'000000D00O0UDOOO0OUOUOODOOUODe>B00000

00 Cc41000
AB,CD0OA B CO0O00D0O0DO0OO0OOD0OOOOO0OOOOOA,B,COOO0D0OOOOD

C= B0O0O0O
codoBOOOOOQOQOOOOOOCOOOOOOOOOOOOODOOOOBOOODOOOOOOOOOOO
oo0obooC=BOOOO

B=— C0O0O0O
BOOOOOODO {a,},{b,}0000000000000000000000 {¢,},{¢,}0000000000

0000 N({a,},{¢,}) 0000000 > N({an},{bn}) DO O %+%<@LDDDDD (C.4.2)

000000000000 CO0000000000000000000
(C42)000000{an} ~{a,} 00 {b,} ~{b,} 0000000000000 00O0fan} ~{a,} 0 lim |a,—
a,|=000000000000

ve>0 AN (n>N'() = jan —afl < 00 |bn—bg|<§) (C.4.3)

0000000000BO NO (C43)0 NODOOOOOOOnODO
€
4
0000000000 (Cc42)000000o0ooooooo

B=— A000O

0O00BOOOOOOOOOOODOOO an,b, 000000000000000 é,,b,00r>NO0000
an,b, 0000n<NOO @, =0,b,=100000000000000 @n, 0,0 ,800000000000
000n>10a,<b,0000000A00000000CODOO0O0C0OO00000 lim la, — b, =0000
DDDDDDDDDDDDDDDDDDDDADDDDDDDDDDDDDDBéADnEEODDDD

A= BOOO
O000AOOO0OBOOOOUOOOOUOOOOOUOOOAOOUOOOOOOO {a,},{b,}0000
00O lim |e, —b,|=0000000000000000000

n—oo

>a%—£+e—£=a;+§ (C.4.4)

’ €
b, > by 4>an—|—6 1 1

>0 YN dn>N |an, — bp| > € (C.4.5)
gbooooboOoboooo0d»n0e,<b, 000000000
Je>0 VN dn>N by —an > € (C.4.6)

00000000000 {a,},{p,}0000BOOOO0O0



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 33

000 A,B,CO0O00000O0O0O0OOOODO O

000 0000000000000 000000000000000O0000000000U0000 a=[{an}]
0000000 ae= lim @, OOOOOOOODOODODODODODODODODOOOOOOO0 ae<pBl0 a<pdOddood
DDI:IDDDDDDDHEOEDDDDDDDDDDDDa<ﬁDDDDDDDDD an,b, 00 0O0O000O00ODOOO
On00a, >0, 00000000e=p000000000000 @, >0, 00000000000D0CDO0OO
0000000000000 0D000000000dDe o D0D0O0DOO0ODODOOODOODODOO

gooooooooo0oOoOoooOooOoO0UoOoooOOooO0U00OoDOooOO00OoOoOoooDoOD A,B,COOOO
obooobOoooobooboog

00 C4.3(0000000O0) U0OD00OU ,pU00000000O00ODOO0OOOOOUOODOOOODOO

a<fB, a=8 a>p (C.4.7)

0000aD 00000 [{an}),[{6,})0000000 lim |a,—b,|=000000000 a=4000000
00 lim |a, —b,|=00000000 a<BUB<alll00000DODOOOOOODOOOOOO

n—oo

lim |a, —b,|=000000000000000000

de>0 VYN dn>N |an, —bp| > € (C.4.8)

goooopoooooooo NODOODOOODOOOa, -6, 000000000D0CO00O0O0DOOOOOODOO
gboooobooboooooboooobobooboobono n,mOoOooOgoO

an—b,>€¢ 00 ay, —b, < —¢ (C.4.9)
ooooooooooooooooonon e,,b, 0O00ODOD0OO0OOO0OOOOO0DOOO0DOOODOO0
Ve >0 3N’ (n,m>N' —  Jan—am|<¢ OO |bn7bm|<e’) (C.4.10)
000000000 (C4.9 0 (C4100000000000m,n000000
Gy >b,+e>by, —€+e>a,+e—€ +¢ (C.4.11)

000000000000 000D0000 € =¢/20000001a,—an|<00000000000NDOOO
00000 (C48)0000 e, —b, 000000000000 0DOOOOO
O0O0oNOOODOOOOooo(c48)oOo

Jde>0 VYN dn>N an — by > ¢ (C.4.12)

ggad
Je>0 VYN dn>N ap, — by < —€ (C.4.13)

0000000000000000000000000000 C4200000(C412)0a>40000000
(C413)0 < BO0O0OO0 O

00 C44 (000) ODDOOOODOO

a<p 00 B<y ooo a <y (C.4.14)

000000 C420000000000 NpO N, 0000000000 €50 €.000000n > Ny O
0 an <bp —€p 000 n>Npe 00 by <cp—e, J000000000000000n > max{Nyy, Ny} OO
n < Cn— (€ap + ) 00000000 C420 BOOOOOOOO a<~000000 O



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 34

ubodgbuooboboboboobooboboboboobooboobobooboobobooboaoboono
gooobooobooboobooon

00 C4.5 (0000000) 00UDUOU0D e<pUOU0000a<r<pUO0000-00000000O

pgooobooooooobooboobooooo r[l[]l:ll:ll:]’r::[{T,T,T,...}]DDDDDDDDDDDDDa<7"<,3
0000 C420000000000000000000D000DODO0DODOO0DODDOODOOOd
O00U0a<pgO0O0O0O0O0OUOOOOO {a,},{b,}000000 C4200000e>0000000000
oo NDOOOoo
n>N - an +€<b, (C.4.15)

000000000{e,} 0 {b,} 000000000000 e>00000 NOOOOOO
€

5 (C.4.16)

n,m> N’ = |an—am|<1i0 00 |by—bnl <

O0000000O0ON,NOOUOOOOUOOO»OOO0OO0O0OO0O0O000
mOO0D000 00000 (C4.16)00000a,0 @, 0000 £6/100000000000000 b, O by
0000 +¢/100000000000000000O0ORn>N'0O0O

%<am+§ oo m>bm—§ (C.4.17)

00000000000 an0b,0m>NODOD apn+€<b,000000000000 ¢ = an+ £0
#:=b,-<000000000 $000000000000000mO0000000000000000«/ 0
4 000000000000000000000n>max{N,N'}00a,<o/00%,>4 000000000
0oo

000« 000000000000000000000000000000MO0000000;=1,2,3,...,M—1
000 409 = o + @2 0OpO000000000 0 4 000000000000000000
00+M9)000000000000000000000000000000000000000000000
000000000000 n > max{N,N'} 00 a, + ¢’ < 4 000 4™ 4+ ¢” < b, 0000000
Oe =i o/ >0, =5 —+MJ) > 00000 C420000 a<~M) <g000000M0

0000000MOOO00000 0 B0000000000000000000000000000000
0000000000 O

1
00 C4.6 (0000000 DO0O0OOO0OD0OO) D0O000 0000000 mO00r<a<r+ —

m
ubooodg-ooboab

0000000000000 0000000e00dOO0O {a,}00000000000000000e=(2m)~!
D000 N(e)OODoOooDo
n,{ > N (e) = lan, —ag| <€ (C.4.18)

0000000000000000000¢>N()00000000r=a-e000000000000000
ooooooo
000000000000 /¢000000n>N(e)O0 (C.4.18)00

1
r=a—€e<ap<at+e=r+2e=r+— (C.4.19)
m

1
ocoooooooooboooooooooboooo c420000D0Dr<a<r+—000000O0OO O
m

boooboboooboobooboboobooboooobo

“Oopoooooooooooo ~Md) oonooooooo M) 0ooooo0ooo0ooon



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 35

00 C.47(00000000) O
()a<~y00B<S000 a+pB<v+0o0
(l)a<~00 <000 a+B<y+ 60

gboboobooooooboobooooboboo O

0000000000000000000 «000000|e000000000000000000000O
0000000000000 |-)|0000

00 C.4.8 (0000000) 000 «a00000 {,}00000000000 by,:=|a,/0000000
()00 {»,}00000000000000
(i) 000000 {a,} 00V, :=d,|0000000{b,}~{¥,} 0000

o000 lim b, =0000000000000000000 hm b,=00000 {a,} 0 {a,} 0000000
0000000Do0oooooooooo Q)3 )DDDDDDDDDDDD hmb =000000000000
(i) O lim bn:ODDDDDDDDDD(C412)DDDDDDDDDDDID]DDDDD NOOODDOOoOoDOo

n>N0OOa,0000000000,000000000000000000000 »,m>NOOOOOOO
la,| 0000000000

bm = bu| = ||am| = lan| | = | am — an | (C.4.20)
000000000000 {e,}00000000000000O0e>00000 N'(e)ODOOUOOM,n> N'(e)D

000000000 e0000D0DOUOOO0ODO {b,})00000000000000O00OOO

(i) ) DDOODO00O0DDOOOO0O0O0OO0OnOO0 @0, 0000000000 RO0DOO0OO0OOOOOO0OOO
gboodb n00

b, — b | = |lan| = |al,|| = | an — aj, | (C.4.21)

0000000000 {a,} ~{e,}000n—0o0000000000000{b,}~{¥,}0000 O
000000000000000000

00 C4.9(000) 00 a=[{a,}]0 000 |a|00b,:=le,|00000000 {b,}00000000
ooo

00 C480 (1) 00O {b,}0000000D0O0UOODOOOG)OO0O0O0OOOOOOOOOOOOOODOOOOO
O0000O0O0O000000000 well-definedD O OO

00000000000 >000 |af :=ala<000 ||a:=—e0000000000000000000

00 C4.10(000000U0OD) U0 «0OOO0OOOOOOOO

«a (a>0)
la=¢ 0 (a=0) (C.4.22)
—a (a<0)

0000000000000000000000000000000a>0000000000 {e,}000
a,>0000000000000a<000000a,<0000000000000000«0000000
by :=la,)0 @ >00000b, =a,0a<00000b,=-a,000000000a>000 |a]=all
000a<0000 |ja|=—a0000000000000 C.3.13G)00000000

000 a=000000000a=000000 0000 {a,}0 lima,=0000000000000
0Ob, = e, 000000000000, 000000000 |o|0000000 O



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 36

ugbogbooboobboboobooboboboboobooboobobboboobooboboaona
googoood

00 C.4.11 (0000 ROOOO0O0O00) 00 «000000 o >00000000
a=0 — lal] =0 (C.4.23)
O0000o0000oooooonD e,p0O00O0O
a=p0 = =B =0 (C.4.24)

oooooooo
la + Bl < llell + 18]l (C.4.25)
oooooo

000000000000, 0%,>0000000000000 C4200000]l>00000

00 (C.4.23)0 (C424)000000000000000000000000000000 (C.4.23)000000
0000(C4.24)0 (C4.23) 0000000000MOO00000|e|=000000000000 b, := |ay|
00000000000000000 {e,}000000000000000000000{e,}00000000
0 (0,0,0,...)00000000[{e,}]00000000000000a = 00

000000000000 C4.100000 ,4000000000000000000000000000 C.4.9
0000000000000000000000000 |a + by <las|+p,/00000000000000 O

Ch5 0OU0bOO0boooooog

obooobOobo0ooooboooobOoboooboboooooboooobOoboooooboooonoOoon
goooobooooobOooboobooobobooobobooooboooboobbbobboobobOooboobooOoooDooon
gbooobooboobon

O0000000000000 «000000000000000{e,}0000000000000000000
O00000000000000000000000000{e,}000-00000000000000000
0000000000000 0D0D0000000000D0D00000000000D00000N0NoNoooonono
000000000000 D000000D000000000000D0000000000000000 m,n,p0O
0000000000 {a}00 00 «,00000000000000000000O0O00COO0D0O0OO0
0ogog¢,¢ 0000000002900

0000000000000 D000000000000000000DoDoDoDo0O000N0N00N000g o,
0z 4@ 00000000000000000 an,b, 0000000000000 e00O0O00O000O0OO
0000000000 D00000D0D0D00000D0e0000D0 0000000000000 0DO00000
0000000000000 00000O0O0D0O00000O00ononQ

000000000000000d |e,| 0000000000000 0000 |o00000000

oooooooon elima:([):aDDDDDDDI:II:II:Ie—NDDDDDDDDDDDDDDDDDDDDDD

00000000000 0Db0e000D0O0000DDODO0OO000 eeNODOOODO e0OO0OOoOoDOOOmO
gboooooboooooog



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 37

00 C.5.1 (000000) 000 {=®W}2, 0029000000000 ¢—000000000 00O
0000000000000O00

Ve>0 AN >0 (>N = 2 -al<e) (C.5.1)

0000000 e000O0O0U0OOOO0OOOOUODOOOUOOOUODO|-|OOODCOOOODOOOO

0000000000000 0000000000000002% —@0000000000000000000
gboboobgoobobboobooboobooboobobobooboobobooboobobboboobOoon
goooooo

00000000 000000000000 d<e< 0000000, 00000O0O00OONO(C.5.1)0
e>000000000000000O0000O0O

0000000000000000000000000000000000000000000000@O0000
0 {a,}2, 00002000000 {2z}, 00000 (2?0 —a| = [{[«© —a,}o2,] 0000 |2¥ —af < e
O

{28 —an]}o2 ] <e (C.5.2)

00000000000000000000000000000000000000 M>0000000n>M
00 2% —a,| <e000000000000000 (C5.1)0

Ve >0 3IN(e) >0 V0> N(e) IM(e,0) >0 VYn>M(el) [z —a,|<e (C.5.3)

obooooood

C.5.1 00000O0O0O0DOOOODOOO

000000000000 00000000000000000000000000000000000000
00 — 0000000000000 0000000000000000000000000000
00000000000 000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000
O00000000000000000000000000000000000000000000000000
DOo0oo00oooo
0000000000000000000000000000000 «0000000000000000000
0000000 e00000D00000D0000OO00O0OO {a,a,a,...}00000 «000000000000
D000000000000000000000000 «000000000 «e000000000e0O0O0
000000000000 {e,}52, 00000000 ¢000000000000000000D00D0000O0
00 a¥ :=, 000000000000 {a,}32, 0000 {a¥},0000000000000000000
00000000 «0000000
lim a¥ =a  (?7) (C.5.4)

{—o00
Oooooo0ood
D000000000000000000000000000000000000000000000000
la® —a|000000000000000000000000000000000e000000000O0 a
D000000eY 00000000000 0000000000/(a® —al =[{|laz—al},]0000000
n00000000|e® —a|0000000 |a,—a/00000000000000C
0D0000{e} 0 {e,a,0,..3000000000 lim Ja,—a|=00000000000000000000

00e>00000 N(e)>00000004>N(e)O0 |ap—a|<e000000000 |ag—al=|a® —a|D



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 38

gooooooooooooo
Ye>0 3IN(e)>0 VL>N(e) |a —al <e (C.5.5)

000000000 lime®® =a00000000000 O

{— 00

C.6 ODUOOODOODOOO

obooobooooboooooobooboooboooooboobooobo0oboooobooooobooooobooon
gbooobOoboooooboboooobooooobooboonoo

goobooooboboboooobobooobobobobobooooobobobobobobobobom™Mob
boboobobooooboooobooboooobooboooobooboon

00 C.6.1(00000000) 000 {«¥},000000000000000000000000
Ve>0 3N(e) V> N(e) V' >N(e) [z —z)| <e (C.6.1)

000 |-|00000000000

(Ch3)0000000OO0UODOOO(CG6)DODDDOOOOOOO

Ve>0 3N(e) >0 V4L >N(e) IM(e,0,0') >0 Yn>M(e,0,0) |z -2l <e (C.6.2)
000000000000000000000000000000000 C5100000000000000
0000000000000 0000000000000000000000000R0O00000000000
gooooooooooooooooonoooooao

00 C.6.2(0000000000) 00 C6100000000000000 {«®}2, 0000 C5100
0000000000000 {«®¥}e, 000000 «0000000(C51)000000

000000000000000000000000000000000000{«® o, 0oooooooooo
00000Y00000Y000000000000000000000000000000000000000
obooooboooooooboooboobooboooobooooboooboooooboboobOooonoog
ooobobooobOoobooooboboooooboobooboOoboooono
ooboDooboooooooooooboooooboooboobooooboobooooooboooboooOooonoo

gooboboobooboobooboobooboboobbobbobb —oobbbobbobboobogb
uooooobdoobootd —obboboobobooooboobobooooobobooooobooboboooon
goooo

ugbogboobobboboobooboobobbobooboobooobooboobooboboboaboo
goboobbobbooboobooboobmmoobooboobooboooboooboobooboon
gobooboooboooooboooboooboooboooooboobooboobooboobooooboooboOoon

gbooobooobooooboooobooboooooooboooobOoooooboooobooooobooonn
gboobOoboooobobooobooboooobobo0ooooboooooOobooon

C.6.1 000O0OO0OOOOOOO

gbobobobopoobobobobboboooooooobobobobobobobobobooooo
gboooooboooooao

15{z®)}ec OD0DDDOODDDOOODOOOODOOOO0DONOO00D0ND00D0N0N00N0N000N0N0N0000N0N0000nD
00D000D00000000000000 a:=[{®}2,]0000 (C.51)00000




000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 39

00 C.63(000000000) O

() 000000000 {a,}22,00000000000000000000000 {ap}%.,00000{a,}~
{4,}00000000000000000 [{a,}] =[{a.}]00000

(i) 000 lim ¢(¢) =0000000000000000 ¢(>)0000()000000000000000

|l@m — @n| < g(mAn) 00000000 mnO0O0000 (C.6.3)
00000000000000¢g(z)=2*000000000
| — Gy < 270" 0O0O00O0O00 mneOO0000O (C.6.4)

ggbgooobooaoo

Doo0@) {e,} 000000000
Ye>0 IN Vm > N(e) Vn > N(e) |am — an| < € (C.6.5)

00000000O0e>00 NOOODOODOOUDOUOORR>NOOOO |a,—a,|00000000G,}0 {a,} 000
00000000000 m(n)>n0000006, =anm0000000000000]an—an| = |an — Gmm)]
000000Om(n) >n0000000 (C65)000000000000O00O0O

Ye>0 IN VYn>N lan, — an| < € (C.6.6)

000000000000000 limp_e |an —dn| =000000{a,} ~{d,} 000000
(i) 00 (C.6.3) 0000000 4 0000000000000000000 (C65 00000000000
a,0n=1,2,3,..00000000

1. (C.65)0 Ve>0000000000 3N(e) ¥m > N(e) ¥n > N(e€) |am —an| <eO e=g(1) 000000
0000 Ny =N(g(1)) 00006 :=an,41 00000

2. (C.65)0 e=¢(2)0000000000 Ny=N(g(2))0000d, :=an,+1 00000

3.000000(C65)0e=g(¢)0000000000 N, =N(g(¢))0000d, :=an,+100000¢=
3,4,5,...00

00000 (C63)00000000O00UDOOODO O

000000 Ce30 (C63)000000000O00DO0ODOODOOODOOOOOOUOUOODLDDODDOO
gboboobOobooobooboboooooboooobobooobooboon

00 C.6.4 (00000000) 0000 X0O0OODOOOO |-|0000000000000000 X0
00 {&™}> 0™ e X000 XOOO0O |-|0000000000000

Ye>0 3IN(e)>0 Vm>N(e) ¥Yn>N(e) [z™ —a| <e (C.6.7)

gbooobooboooboobooooboo

00 C.6.5 (000000000) 0000 C6400000 lim g(z)=0000000000000000
Tr— 00
¢g(x) 000000000 {z™}>, 00000000 {y™}2, 000000000 m,n>00000

ly™ =y < g(m An) (C.6.8)
00000000000000g(z)=2*0000

|y — g™ < 2 (mAR) (C.6.9)

uoooboobooogd




000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 40

D™ 0000000 ™ 00000000000 00000000000000000 y™O0O0mMmOoO
D000 C633G1)000000000000000 O

ubodabouooboobgooaboad

00 C.6.6 a,80000{a,},{b,}00(C.64) 0000000000 8000000000000
|an — bn] <2177 + |la — B (C.6.10)

000000000 |e—g(0000000O0DOODO

00D00D00000(C6.10)00 |«—@|000000000000O0O0DOO000O00ODODOODOOOOOOO0
gooooood
(lan =b,/0000) < (270000 ) + [la = B (C.6.11)

0000000000000000-0+000000000000000 (C.611)0000000000000
000000000000 0000000000000000000000000000(C.6.10)0000000
000000000000000000000000000000000000
0000000000
Ha—ﬁWz[ﬂ%—mwzJ, (C.6.12)

00O00¢y:=an,—b,| 00000000 {¢,}0000000000000000 |a—@|0000000
00000000 r00000[{e}<r000000¢0r0000000000000000000000
00000000000000n00¢ <r000000000000000

aM >0 Vp > M lap —by| <7 (C.6.13)
00000000 p>max{M,n} 00000000 |, —b,|0000000000000OOOOO
an — b < Jan — ap| + |ap — by| + by — bp| < 27O 4y 2= (AR — gl=n 4y (C.6.14)

0000000000000000000000000 (C64)000M0000000000000000000
00000000000000000000 r0 |e—@|000000000000

lan — bp| < 217" 4 || — B (C.6.15)

00000000 a,—byl>2""+la—= 400000 (C614)000000000 O

C.6.2 0O0ODOOOOODO

0000000000000 {®¥}, 0000000000000 «000000000(C.51)000000
0000000000000 00000000000000000000000000000000000000
000000000000000000000000000000000000 (€64 0000000000
00000000000000000000000 C.63000000000000000000 900000

{z{P1 000D
2O — 2| <2=(*"m) 00000 mn>1000 (C.6.16)

000000000000000000000000+¢0000000m,n00000000000000000
0000000DOoDooo
0000000 «a000000000000000000000000 C.650000 {z¥}2, 000000
0 {y¥W}x, 00000
ly® -y < 27 (C.6.17)



000000000 AO0ODOOO 000 http://www.math.kyushu-u.ac.jp/ hara/lectures/lectures-j.html0 41

O0000000000D0000000 {y®¥}000000000000 ||-|0000000000000000
0000y OoOoooooooooooooo

gD — 0] < 9=(mAn) (C.6.18)

000000000000004Y 0000000000000000000000
00000000000 {«¥}?, 000000 «0000000000000000000000 {a,}00

an =y (C.6.19)

000000000 000000000000000000000000000000000000000000
00000 {e,}00000000000000000 a:=[{ae,}]0 {z®}, 0000000000

C.6.3 U00O0OO0OO0ODODOOODOODOOOOOOOODODODOOO

O0o0oUuoooooooU {e,})0000000000O00O0OODOOOO0OOO0OOOOOOOOOOOO
00000000000 00O000U000o0o0o0DUooooooDO0Od {e,}0000000OO00OOOOOOOOO
ooogd

00 C.6.7 000000 {a«,}0000000O00OOOOOOOOO

| — ap| < 227 (MAD) (C.6.20)

gboooog

ooo

D[I[Iy%)El[II:JElDDDDDDDanDDDDDI:I[II:I[II:IDDDDDDDDDDDDDDDDDDDDDDDD
gooobooobooboobooboobbool m>n00

|am—an] = [y =y = | & =y + 50—y | <yl —y 4y -y < yim -y ]+27" (C.6.21)

000000000000000000000 (C.6.18) 00000
D000000000000 (C.6.17)0 |y —y®)|| <2-) 000 C6.600

ySm =y < 2 4 g =y < 2t 27 (C.6.22)

0000000000000 (C.621)000000m >n0
@ — an| <277 427 427 =227 (C.6.23)
000000000000000 {e}000000000000000000 O

00000{e,})00000000000000 0000000 DO0O0ODOO

C.64 0OODOOOOD
0000000{z®}?,0«00000000000000000000
Ve >0 3N(e)>0 V> N(e) [z —all<e (77 (C.6.24)

ooo0oboboobobobDe>0000b0bO0O0OO0O0ODODOOOODODOOOODODOOOOODODOOOO
gobooboobdidex>oobooboobib0 ebdobooboobooboobboobboboon
UbebO0b0O0O0OOO0bOOO0OOODOOODODOOOOODOOOODOODOOOOm



000000000 AO0ODOOO 000 http://www.math.kyushu-u.ac.jp/ hara/lectures/lectures-j.html0 42

000z —~al|<e00000000000D0O0O0O0OO
Ve >0 3N(e) >0 Y>> N(e) IM(e,l) >0 Yn>M(et) [z -y <e (77 (C.6.25)

0000000 0000 {a,}0 (C.6.19000000000000000000000=200000 {29},
O
|29 — 20| < 2= (mAn) (C.6.26)

000000000000000000
(C.6.25)000000000000000000000 e>000000000¢r,00000¢r,000000
Dooooooley —4Y|00000D00D00000 pO00O0D0DPOONONONONONONONNONDNONONDNOONOOD
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obooobooooooobooon

0000o00o00oo0o00o0000a, <T(xk)00 @, € AD0DDDO0OODOOO0OOT(x) <a,00
a, e AD0D0O0ODOOOO



000000000 A0O0ODODODODO ooO http://www.math.kyushu-u.ac.jp/ ~hara/lectures/lectures-j.html0 51

0000oo((Md42)000se ADODODDODO mOOO0OD0 s<2, 0000000000000 OOte A0
gbobooboobobod w000 t<z, 0000000 0O0O0O0ODOOOD mOOOD t>2, 0000
0000000000 s=an,t=a, 00000000

an <z, 00mO00 0000 ¢0000 d,> (D.4.4)

ooodddgdoofeg, 0000000000O0ay, <z, JO0Op>mO04a, <z, 0000000000000
O00a, <z, 00m>n00m0i0000000000D0O0O0ODOOO/O0 mOO00O0O0O0D0OOOO0OOmM>n
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00z <y00000000000 00000 —2<r<y00000000002,y00000 {zn}, {y}
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0K 0000000000 000000T000¢ 000 2:=T(y)000000 20 SO000000O0OOO
:=80kz)=ST)00000

00000000y € K'0000 S(T(y)) =y 000000000000000000y = S(T(y)) =2 = S(2)
000000000y 0-2,eKO SO000000000000000O000O0Y eK'00000000O0O0O0
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oz +y) = Ta(S1(z +y)) = T2 (S1(x) + S1(y)) = T2 (S1(2)) + T2 (S1(y)) = ¢(x) + »(y) (E.4.1)

uoooboobooog
e p0 KOOUUODOOODODODOOUODz<yOOOS(z)<S(y)DO0O0ODOOOODOOO T,0000000

p(x) = Ta(S1(2)) < Ta(51(y) = ¢(y) (E4.2)
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©(0) = ¢(0+0) = ¢(0) + »(0) (E.4.3)
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p(x) = p(z x 1) = p(x) x p(1) = p(z) x 0=0 (E.4.4)
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e(1) = (1 x 1) = p(1) x (1) (E.4.5)
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em)=¢(l+14+--+1)=p)+ol)+---+(l)=1+14+---+1=n (E.4.6)
~————— —_—
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o(—n) = (0 —n) = (0) —p(n) =0—-n=—n (E.4.7)
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o(s) < p(x) < p(t) (E.4.9)
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